Abstract. Let M be a compact 4-manifold with boundary ∂M , and consider the moduli space EAH of asymptotically hyperbolic Einstein (AHE) metrics on M . Any such metric g induces a conformal class [γ] of metrics on ∂M , called the conformal infinity of g. In this paper, we prove that the space of boundary values BAH of metrics in EAH is closed under natural conditions, i.e. if [γi] is a sequence of conformal infinities of AHE metrics gi and [γi] → [γ], then {gi} converges to an AHE metric g with conformal infinity [γ]. In addition, we prove some results on the boundary regularity of AHE metrics on 4-manifolds.
It is worthwhile to make some remarks on the two hypotheses (0.3) and (0.4) in this respect. Following this, we comment on the more technical aspects of the conclusion.
First, the topological assumption (0.3) is used only to rule out degeneration to Einstein orbifolds, with isolated cone singularities. If one widens the class of AHE metrics to include orbifold singular Einstein metrics, then the condition (0.3) is not necessary. Under the hypothesis (0.4), the conclusion is that the limit metric is then either a smooth AHE metric or an AH Einstein orbifold metric; this is discussed further in §1; we refer to Theorem 4.5 for the precise result.
Next we discuss the bound (0.4). To begin, it was observed by Hitchin [18] that via the AtiyahPatodi-Singer index theorem any AHE metric g with smooth boundary metric γ satisfies
Here τ (M ) is the signature of M , η γ is the eta-invariant of γ and W ± are the self-dual and antiself-dual parts of the Weyl curvature W of g. In particular, if g is a self-dual (or anti-self-dual) AHE metric on M , then (0.4) holds with Λ o depending only on the eta-invariant of the boundary metrics γ i . Since the differences of the eta-invariants η γ i are controlled by the C 3 geometry of the metrics γ i , it follows that (0.4) is unnecessary when the metrics g i are (anti) self-dual, if m ≥ 3. More generally, if the metrics g i all lie within a path component C of the moduli space E AH of AHE metrics on M , then it is proved in [5] that (0.4) holds with bound Λ o depending only on the component C and the C 3 geometry of the boundary metrics γ i . Hence (0.4) is again unnecessary for AHE metrics in a given component C, provided m ≥ 3.
A second purpose of this paper is to study the boundary regularity of conformal compactifications g of AHE metrics g. It has been an open question for some time, c.f. [11] , [13] , as to how smooth the conformal infinity [γ] and the compactificationḡ are, or can be, for an AHE metric. For instance, it is not presently known if an AHE metric on a 4-manifold M admits a C ∞ conformal compactification, even if it is assumed that g has some compactification with C ∞ boundary metric γ. In general, there have been no results on the degree of smoothness of the boundary metric γ and that of a conformal compactificationḡ having γ as boundary value, beyond the obvious implication that ifḡ is C m,α , then so is γ.
In Theorem 3.5 below, we prove that ifḡ is a L 2,p conformal compactification of an AHE metric g on a 4-manifold M , for some p > 4, with C m,α boundary metric γ, then there exists a C m,α conformal compactification g of g, with the same boundary metric γ. This statement is in fact part of the conclusion of the Closedness theorem above.
Such a boundary regularity result must be special to dimension 4, or at least to even dimensions. In odd dimensions n ≥ 5, compactificationsḡ are typically at most C n−2,α smooth up to the boundary, c.f. [13] and Remark 3.6 below.
In a sequel to this paper, we will use the Closedness theorem, together with the work in [8] , [14] , to study the Dirichlet problem for AHE metrics on a 4-manifold M with prescribed boundary metric γ on ∂M.
There is a large recent physics literature on AHE metrics, in relation to the AdS/CFT correspondence [21] . We refer to [24] for an introduction, and also to [17] for a very recent discussion.
Briefly, the contents of the paper are as follows. In §1, we present background material and results needed for the work in later sections. Section 2 discusses the behavior of sequences of AHE metrics in the interior, i.e. away from ∂M. The boundary behavior and conformal compactifications are then discussed in §3 and §4, with the proof of the Closedness theorem near the end of §4.
I'd like to express my thanks to Jack Lee for interesting discussions on AHE metrics.
Background Results.
The proof of Theorem 0.1 relies on the L p Cheeger-Gromov theory as well as on the convergence and degeneration results of Einstein metrics on 4-manifolds from [1] , [2] . For completeness, we summarize these results here. In addition, we discuss in some detail conformal compactifications, especially those with low regularity, since there are no adequate references to this topic. This section may be glanced over, and then referred to for details during the course of the proof of the Closedness theorem as needed. §1.1. We begin with the L p Cheeger-Gromov theory. The L ∞ Cheeger-Gromov theory [10] , [15] , describes the (moduli) space of metrics on a manifold, (or sequence of manifolds), with uniformly bounded curvature in L ∞ , i.e.
|R g |(x) ≤ Λ < ∞, (1.1) in that it describes the convergence or possible degenerations of sequences of metrics satisfying the bound (1.1). The space L ∞ is not a good space on which to carry out analysis, and so we replace (1.1) by a corresponding L p bound, i.e.
The curvature involves 2 derivatives of the metric, and so (1.2) is loosely analogous to an L 2,p bound on the metric. The critical exponent p w.r.t. Sobolev embedding L 2,p ⊂ C o is n/2, where n = dim M and hence we will always assume that p > n/2. In order to obtain local results, we need the following definitions of local invariants of Riemannian metrics, c.f. [3] , [4] . Definition 1.1. If (M, g) is a Riemannian n-manifold, the L p curvature radius ζ(x) ≡ ζ p (x) at x is the radius of the largest geodesic ball B x (ζ(x)) such that, for all B y (s) ⊂ B x (ζ(x)), s ≤ dist(y, ∂B x (ζ(x))), one has
where c o is a fixed small constant. Although c o is an essentially free parameter, we will fix c o = 10 −2 throughout the paper. Observe that the left-side of (1.4) is a scale-invariant local average of the curvature in L p .
The volume radius ν(x) of (M, g) at x is given by ν(x) = sup{r : volB y (s) ω n s n ≥ µ o , ∀B y (s) ⊂ B x (r)}, (1.5) where ω n is the volume of the Euclidean unit n-ball and again µ o > 0 is a free small parameter. We will not fix µ o here apriori, and so ν depends on a choice of µ o .
Observe that ζ(x) and ν(x) scale as distances, i.e. ifḡ = λ 2 · g, for some constant λ, then ζ(s) = λ · ζ(x), andν(x) = λ · ν(x). By definition, ζ and ν are Lipschitz functions with Lipschitz constant 1; in fact for y ∈ B x (ζ(x)), it is immediate from the definition that ζ(y) ≥ dist(y, ∂B x (ζ(x))), and similarly for ν.
A sequence of Riemannian metrics (Ω i , g i ) is said to converge in the L k,p topology, (modulo diffeomorphisms), to a limit L k,p metric g on Ω if there is a L k+1,p atlas A for Ω and L k+1,p diffeomorphisms F i : Ω → Ω i such that F * i (g i ) converges to g in the L k,p topology in local coordinates w.r.t. the atlas A. Thus, the local components (F * i (g i )) αβ → g αβ in the usual L k,p Sobolev norm on functions on R n . Similar definitions hold for C m,α convergence, and convergence in the weak L k,p topology. Any bounded sequence in L k,p has a weakly convergent subsequence, and similarly any bounded sequence in C m,α has a convergent subsequence in the C m,α ′ topology, for any α ′ < α. By Sobolev embedding,
We then have the following result on the convergence and degeneration of metrics with bounds on ρ, c.f. [3, §3] , [4, §2-3] and references therein. Theorem 1.2. Let (Ω i , g i , x i ) be a pointed sequence of Riemannian n-manifolds and suppose there are constants ρ o > 0, d o > 0 and D < ∞ such that, for a fixed p > n/2,
Then for any 0 < ǫ < d o , there are domains U i ⊂ Ω i , with ǫ/2 ≤ dist(∂U i , ∂Ω i ) ≤ ǫ, for which one of the following alternatives holds.
(I). (Convergence).
If there is constant ν o > 0 such that, for some choice of µ o > 0 in (1.5),
then U i has an F-structure in the sense of Cheeger-Gromov, c.f. [10] . The metrics g i are collapsing everywhere in U i , i.e. ν i (y i ) → 0 for all y i ∈ U i , and so in particular the injectivity radius inj g i (y i ) → 0. The limit of g i in the Gromov-Hausdorff topology [15] is a lower dimensional length space.
Remark 1.3. (i).
The hypothesis on ζ p in (1.7) can be replaced by the global hypothesis
in case the volume radius satisfies ν i (y i ) ≥ ν o , for some ν o > 0 and all y i ∈ Ω i ; in fact under this condition (1.7) and (1.8) are then equivalent, with
(ii). It is a simple consequence of the definitions that the L p curvature radius is continuous under convergence in the (strong) L 2,p topology, i.e. if g i → g in the L 2,p topology, then 
is a smooth Einstein metric while each singular point q ∈ {q j } has a neighborhood U such that U \ q is diffeomorphic to C(S 3 /Γ) \ {0}, where Γ is a finite subgroup of O(4) and C denotes the cone with vertex {0}. Further Γ = {e} and when lifted to the universal cover B 4 \ {0} of C(S 3 /Γ) \ {0}, the metric g extends smoothly over {0} to a smooth Einstein metric on the 4-ball B 4 .
There are numerous examples, at least on compact manifolds, where sequences of smooth Einstein metrics on M converge, in the Gromov-Hausdorff topology, to an Einstein orbifold limit, c.f. [2] and references therein. Such orbifold metrics are not smooth metrics on the manifold M , but may be viewed as singular metrics on M as follows. An orbifold-singular Einstein metric on a smooth 4-manifold M is a symmetric bilinear form of the form g = π * g, where π : M → V is a continuous map and (V, g) is an Einstein orbifold. It is further required that M is a resolution of V in the sense
We then have the following result describing the convergence and degeneration of Einstein metrics on 4-manifolds, c.f. [2, Theorems 3.3, 5.1]. Theorem 1.5. Let (Ω i , g i , x i ) be a pointed sequence of Einstein 4-manifolds satisfying 11) and
for which exactly one of the following alternatives holds.
(I). (Convergence)
. A subsequence of (U i , g i , x i ) converges in the C ∞ topology to a limit smooth Einstein metric (U, g, x), x = lim x i .
(II). (Orbifolds)
. A subsequence of (U i , g i , x i ) converges to an orbifold singular Einstein metric (U, g, x). Away from the singular variety, the convergence g i → g is C ∞ , while the curvature of g i blows up in L ∞ at the singular variety D = ∪D i . In the Gromov-Hausdorff topology, g i converges to an Einstein orbifold (V, g) and U is a resolution of V .
(III). (Collapse). A subsequence of (U i , g i , x i ) collapses, in that ν(y i ) → 0 for all y i ∈ U i . Analogous to (ii), the collapse is with uniformly bounded curvature away from a finite number of singular points, (metrically); however such singularities might be more complicated than orbifold cone singularities.
The cases (I) and (II) occur if and only if 13) for some ν o > 0, (and µ o > 0), while (III) occurs if (1.13) fails. One obtains C ∞ convergence in (I) and (II) away from the singularities, since Einstein metrics satisfy an elliptic system of PDE, (in harmonic coordinates).
When Ω i is a closed 4-manifold M , the bound (1.12) follows immediately from (1.10). When (Ω i , g i ) are complete AHE metrics on a fixed 4-manifold M , then of course (1.12) does not hold with Ω i = M . However, as discussed in the Introduction, it is proved in [5] that with the normalization (0.1), the metrics g in a given component C of the moduli space of AHE metrics on M satisfy 14) where Λ o depends only on the component C and the C 3 geometry of the conformal infinity of g. Thus, in this case, (1.12) does hold for Ω i a geodesic ball B x i (R) of any fixed radius R about the base point x i ∈ (M, g i ), since the volume of such balls has an apriori upper bound, (c.f. Lemma 2.2 below). We point out that Theorem 1.5 is special to dimension 4. A similar result holds in higher dimensions only if one has a uniform bound on the L n/2 norm of curvature in place of (1.12); however there is no analogue of (1.14) for (general) Einstein metrics in higher dimensions. Remark 1.6. Theorems 1.2 and 1.5 are local results. However, we will often apply them globally, to sequences of complete manifolds, and with complete limits. This is done by a standard procedure as follows, in the situation of Theorem 1.2 for example. Suppose {g i } is a sequence of complete metrics on M , with base points x i , and satisfying ζ(y i ) ≥ ζ o , for all y i ∈ (M, g i ). One may then apply Theorem 1.2 to the domains (B x i (R), g i , x i ), where B x i (R) is the geodesic R-ball about x i to obtain a limit manifold (U (R), g ∞ , x ∞ ), in the non-collapse case. Now take a divergent sequence R j → ∞ and carry out this process for each j. There is then a diagonal subsequence B x i (R i ) of B x i (R j ) which converges to a complete limit (N, g ∞ , x ∞ ). Similar arguments apply in the case of Theorem 1.5.
The convergence in either of these cases is also convergence in the pointed Gromov-Hausdorff topology, [15] . §1.3. In this subsection, we discuss some aspects of conformally compact metrics on the 4-manifold M , especially those of low regularity. Let ρ be a defining function for ∂M and as in (0.2), setḡ
Unless ρ is restricted by the geometry of g, without loss of generality we may, and do, assume that ρ is C ∞ onM , so that the metricḡ is C ∞ in the interior of M . The metricḡ is a L k,p or C m,α compactification if it extends to a L k,p or C m,α metric onM . Thus, there are coordinate charts for a neighborhood of ∂M in M such that the local components ofḡ in these charts are L k,p or C m,α functions of the coordinates. We will usually assume that 
,p . In particular, by Sobolev embedding (1.6), a L 2,p compactification has a C 1,α boundary metric when p > 4. It is important to keep in mind that the converse of these statements may not hold in general. The degree of smoothness of the boundary metric γ does not, apriori, imply any degree of smoothness of the compactification.
Defining functions ρ on M are not unique, but differ by multiplication by positive functions. Conversely, given any positive smooth function φ on M and any defining function ρ, then φ · ρ is a defining function. Hence only the conformal class of the boundary metric γ =ḡ ∂M is uniquely determined by (M, g).
The curvatures of the metrics g andḡ are related by the following formulas: 
(1.20)
Since ρ is smooth onM , it is essentially immediate from (1.18) that ifḡ is a L k,p compactification, satisfying (1.16), then |∇ρ| ≡ 1 at ∂M, and hence by (1.17) , the sectional curvatures of g tend to −1 at infinity in (M, g). Hence any such conformally compact Einstein manifold is asymptotically hyperbolic (AH). Further at ∂M, we haveD 2 ρ = A, where A is the 2 nd fundamental form of ∂M in (M ,ḡ); A is C α on ∂M, again by (1.16). The equation (1.18) further implies that A is umbilic, i.e. A = λ · γ, for some function λ on ∂M.
From the formulas (1.18)-(1.19), it is clear that defining functions which satisfy
in a collar neighborhood U of ∂M in M are especially natural. Such defining functions will be called geodesic defining functions, (although they are called special defining functions in [13] ). A brief computation shows that, (in general), 22) where the right side is w.r.t. g. Thus the condition (1.21) is an intrinsic property of (M, g) and r. The function r is a distance function on (M, g) and the integral curves of ∇r are geodesics in (M, g).
Similarly ρ is the distance function from ∂M w.r.t.ḡ. Geodesic defining functions are geometric, in that they depend on the geometry of (M,ḡ) or (M, g), and so their smoothness depends on the metricḡ. Thus, such functions will not be C ∞ unless the compactificationḡ is; ifḡ is C m,α , then ρ is C m+1,α off the cutlocus of ∂M in (M ,ḡ). Suppose the compactificationḡ is at least C 2 , (actually C 1,1 suffices). Then there exists a unique geodesic normal to ∂M at any point b ∈ ∂M, and hence the function
is a well-defined C 3 geodesic defining function for M near ∂M. By the Gauss Lemma, we then have a metric splitting in a δ-tubular neighborhood U = [0, δ) × ∂M of ∂M, for some δ > 0. Thus for ρ = ρ d and r = r d as in (1.20) , we havē 24) where g ρ is a C 2 smooth curve of metrics on ∂M, g o = γ and g r = ρ −2 g ρ . Again recall that A is umbilic at ∂M. Now given such a geodesic defining function ρ d w.r.t.ḡ, we may define a new conformal compactificationĝ byĝ
The function ρ d /ρ → 1 on approach to ∂M, so the boundary metric forĝ equals that ofḡ. Ifḡ is only L 2,p or C 1,α , then the discussion above does not hold; although geodesics normal to ∂M do exist, they are not necessarily uniquely defined, and so one does not obtain a splitting (1.24) valid up to the boundary ∂M. Nevertheless, the discussion above does hold "to first order" at ∂M, in that there exists another L 2,p compactificationĝ which satisfies (1.26). Lemma 1.7. Letḡ be a L 2,p compactification of g, p > 4, with boundary metric γ. Then there exists another, (possibly equal), L 2,p compactificationĝ of g, with the same boundary metric γ, such thatÂ = 0 at ∂M.
Proof: Let φ be a L 2,p positive function onM , with φ ≡ 1 on ∂M and setĝ = φ 2ḡ . Thenĝ ∈ L 2,p , the boundary metric ofĝ is γ, and the 2 nd fundamental formsÂ andĀ ofĝ andḡ at ∂M are related byÂ =Ā + <∇logφ,∇ρ > ·γ. As noted above,Ā = λγ for some function λ. We may then choose φ to satisfy <∇logφ,∇ρ > = −λ at ∂M, with λ ∈ L 1,p (M ). The result then follows.
Observe that ifḡ ∈ L k,p , then φ may also be chosen to be in L k,p .
Next we will need the following result, showing that the Ricci curvatureRic at ∂M of a C 2 geodesic compactificationḡ is determined by the intrinsic C 2 geometry of the boundary metric γ. Lemma 1.8. Letḡ be a C 2 geodesic compactification of (M, g), with C 2 boundary metric γ. Then at ∂M,s
where N is the unit normal to ∂M w.r.t.ḡ. If X is tangent to ∂M, then
while if T denotes the part tangential to ∂M , then
Proof: The equality (1.28) follows immediately from (1.18), while the first equality in (1.27) follows from (1.18) and (1.19) . For the rest, let ρ be the geodesic defining function, and letē i , i = 1,2,3, be an o.n. basis at any point for a level set S(ρ) of ρ, for ρ near 0. Then the definition of curvature, and a short computation, givesK
SinceD 2 ρ = A, using (1.26) and (1.18) gives, at ∂M,
where we have also used the first equality in (1.27). On the other hand, again by (1.26), we havē
and so subsituting in (
. Thus (1.29) follows from the second equality in (1.27).
Finally, to prove this second equality, (1.26) again gives
6s . Substituting this above and doing the arithmetic gives the result. Lemma 1.8 can easily be generalized to the case where A is umbilic at ∂M in place of (1.26). However, by Lemma 1.7, any C m,α compactification can be transformed to a C m,α geodesic compactification by a smooth controlled conformal factor, so there is no need for such a generalization.
We close this section with the following remark. Ifḡ = ρ 2 · g is a compactification of g, with boundary metric γ on ∂M, then there is no restriction, and so no apriori control, on the behavior of ρ away from ∂M. The function ρ can be an arbitrary continuous positive function away from ∂M. However, throughout the paper, we will fix the quasi-isometry class ofḡ and hence ρ. More precisely, suppose γ 1 and γ 2 are two metrics representing a given conformal infinity [γ] on ∂M which are C quasi-isometric, i.e. for some C < ∞,
, apriori, may be arbitrary. However, we may, and do, choose ρ 1 and ρ 2 so that, onM ,
where
More generally, ifḡ 1 andḡ 2 are compactifications of distinct AHE metrics (M, g 1 ) and (M, g 2 ), with boundary metrics γ 1 and γ 2 satisfying (1.31), then we require ρ 1 and ρ 2 globally onM to satisfy (1.32).
Interior Behavior.
In this section, we study the behavior of sequences of AHE metrics in the interior, i.e. away from ∂M. Let {g i } be a sequence of AHE metrics on M . For this section, we assume that g i admits a L 2,p compactification, for some p > 4, (although this condition could be weakened considerably), with boundary metrics γ i . We require that
in the C o topology on ∂M. Further, we assume that the Weyl curvature of g i is uniformly bounded in L 2 , i.e.
As noted in the Introduction, this assumption holds under quite general conditions when the boundary metrics γ i are controlled in C 3 .
The main result is the following. The corresponding Einstein orbifold (V, g, x o ) has a uniform upper bound on the number of cone singularities {q i }, as well as on the order of the local fundamental group Γ i at each q i , depending only on the bound (2.2) and the C o geometry of {γ i }. In particular, all such singularities are contained in some compact set, (depending on the limit g).
Further, if
then there are no orbifold singularities, and the limit (N, g) is a smooth complete Einstein metric.
Proof: By Theorem 1.5 and Remark 1.6, a subsequence of {(M, g i )} based at x o either, (i): converges smoothly to a complete limit Einstein manifold (N, g, x o ), (ii): converges to an Einstein orbifold, smoothly away from the singular variety, or (iii): collapses everywhere uniformly on compact subsets. Thus, the first (and main) task is to rule out the possibility of collapse. To do this, we recall the following standard result from comparison geometry. Let vol −1 S(s), vol −1 B(s), denote the volume of the geodesic s-sphere and s-ball in the hyperbolic space H 4 (−1) and S(s), B(s) be the geodesic s-sphere and s-ball about x o . Lemma 2.2. Let (M, g) be a complete Riemannian 4-manifold with Ric g ≥ −3g, x o ∈ M any base point and let
is the mean curvature of the geodesic s-sphere about x o at γ(s), then
In particular, the functions
are monotone non-increasing in s.
Proof: A proof of this standard result may be found in textbooks on Riemannian geometry, c.f. [23] for instance. Lemma 2.2 implies that for any base point x o in an AHE manifold (M, g), the limit
) and is globally Lipschitz on M , with Lipschitz constant 1. If ρ is the defining function for the L 2,p compactificationḡ, then ρ o and ρ satisfy (1.32), and soḡ and g o = ρ 2 o · g are quasi-isometric. This implies that
where γ is the boundary metric forḡ. Now by (2.1),
. This implies that the limits v o = v o (i) are uniformly bounded below by a constant ν o > 0. Hence from the volume monotonicity (2.5) again, there is a constant
for all s and all metrics g i . The denominator in (2.7) is independent of i, and so it follows that there is a uniform lower bound on the volume ratio (1.5) of any geodesic s-ball about
Hence there is a uniform lower bound on the volume radius at x o of each g i and so there is no possibility of collapse. Thus the first statement in Theorem 2.1 follows from Theorem 1.5 and Remark 1.6. To prove the second statement, with each orbifold singularity q ∈ V there is associated a (preferred) smooth complete Ricci-flat 4-manifold (E, g ∞ ), which is asymptotically locally Euclidean (ALE), i.e. (E, g ∞ ) is asymptotic to a flat cone C(S 3 /Γ), Γ = {e}, c.f. [1, §5] , [2, §3] . The manifold E is embedded in the ambient manifold M ; in fact for any fixed δ > 0 and points x i → q, E ⊂ (B x i (δ), g i ) topologically. (The complete manifold (E, g ∞ ) is obtained as a limit of blow-ups or rescalings of the metrics g i restricted to B x i (δ)). Any such (E, g ∞ ) has a definite amount of curvature in L 2 : in fact,
. Since each such E is formed from the limiting behavior of rescalings of {g i }, and the L 2 norm of curvature is scale-invariant, we have
where the sum is over all singular points {q k } ∈ V, c.f. [A1, Prop.6.1] for further details. Together with (2.2), it follows that there is a uniform upper bound on the number of singular points. Finally, the uniform lower bound (2.7) and the volume monotonicity (2.5) imply that there is a uniform upper bound on the order of the local fundamental group at each singular point, c.f. again [A1, pp.483-484] for details.
To prove the last statement, orbifold singularities can form only if there is a "crushing of topology" of M , (in fact cycles representing H 2 (M )), to a point. Thus, let (E, g ∞ ) be the Ricci-flat ALE space associated with an orbifold singular point q as above. Then the Einstein metrics g i crush the topology of E to a point in that E ⊂ (B x i (δ), g i ) and B x i (δ) converges to the cone C(S 3 /Γ) in the Gromov-Hausdorff topology.
Any such ALE space E has non-trivial topology; in fact by [A1, Lemma 6.3] 
This follows from the Mayer-Vietoris sequence for (a thickening of) the pair (E, M \ E):
.
, R) = 0, which gives (2.11). Thus, when H 2 (M, R) = 0, one has a contradiction to (2.10), and hence there are no orbifold singularities when (2.3) holds. This completes the proof.
Remark 2.3. (i).
The same result holds, with the same proof, if one varies the base point x o ∈ M, i.e. replaces x o by a sequence of base points x i in M . Namely, the only place in the proof which might depend on the choice of base point x o is the value of the limit v o in (2.6). However v o is in fact independent of the base point x o ∈ M, i.e. (2.6) holds for B(s) the geodesic s-ball about any base point
Repeating this argument with x o and x 1 interchanged gives the claim.
Note however that Theorem 2.1 does not imply that the limit manifold N topologically equals M , or that V is an orbifold associated with M . It is possible at this stage that some of the topology of M escapes to infinity, and is lost in the limit N ; (this is in particular the case if {x i } diverges to infinity in (M, g i )). However, Theorem 1.5 does imply that N weakly embeds in M , in the sense that any compact domain with smooth boundary in N embeds as such in M .
(ii). We also observe that when H 2 (M, R) = 0, the proof shows that there is a uniform bound
i.e. there is a uniform bound on the sectional curvatures of {g i }. This of course does not hold if orbifold singularities form. However, even if orbifold singularities do form, (so H 2 (M, R) = 0), then there exist a bounded number of points q k , (corresponding to orbifold singular points), such that, for any fixed δ > 0, (2.12) holds outside
Theorem 2.1 gives a preliminary closedness or compactness result for AHE metrics on M under the bounds (2.1)-(2.2). However, it gives no control on the global topology of the limit (N, g), or the geometry of (N, g) at infinity. In particular, it does not address the issue of whether g is an AHE metric on M . This is the concern of the next two sections.
3. Boundary Behavior I: Higher Order Regularity.
In the next two sections, we extend the analysis in §2 to the boundary. Theorem 2.1 essentially corresponds to an interior regularity result in that we have control of the AHE metrics g i in the interior of M , i.e. on compact subsets of M , and need to extend this to similar control on the boundary.
In this section, we establish such control under the assumption that one has an apriori L p bound, for some p > 4, on the curvature of some compactificationḡ i of g i . This will be carried out in the sequence of results below. Following this, in §4, we show that such an L p curvature bound can in fact be deduced from the hypotheses of the Closedness theorem.
We begin with the following result.
Proposition 3.1. Let {g i } be a sequence of AHE metrics on M , with defining functions ρ i such
for all i, where the L p norm is taken w.r.t.ḡ i . Then a subsequence of the metricsḡ i converges, in the weak L 2,p topology onM and modulo diffeomorphisms ofM , to a limit
The defining functions ρ i converge in the L 2,p topology to a limit defining function ρ.
Further, a subsequence of the AHE metrics {g i } converges, smoothly and uniformly on compact subsets of M , to a limit AHE metric g on M , with L 2,p conformal compactificationḡ as in (3.
on ∂M withĝ i | ∂M = γ. Further, (3.1) holds forḡ i if and only if it holds forĝ i , with a possibly different constantΛ =Λ(Λ). The proof of Lemma 1.7 shows that the functions φ i may be chosen to be uniformly bounded in L 2,p (ḡ i ). We may then isometrically double or reflect M across ∂M to obtain a closed manifold, (without boundary),M = M ∪ ∂M M. The condition (3.3) implies that the resulting metricĝ i onM is also a L 2,p metric, and satisfies (3.1).
In Lemma 3.2 below, it will be proved that the volume radiusν i of (M ,ĝ i ) is uniformly bounded below, i.e.ν i (x) ≥ ν o , for some ν o > 0, independent of i.
Hence we may apply Theorem 1.2 and Remark 1.3(i) to conclude that a subsequence of (M ,ĝ i ) converges, in the weak L 2,p topology, to a limit C 1,α ∩ L 2,p metric (M ,ĝ), α = α(p). Since the functions {φ i } are uniformly bounded in L 2,p , we may assume that φ i → φ weakly in L 2,p , and thus haveḡ
weakly in L 2,p (M ), (modulo diffeomorphisms ofM ). Sobolev embedding implies thatḡ i →ḡ in
Also, the equations (1.18)-(1.19) imply thatD 2 ρ i is uniformly bounded in L p , so the defining functions {ρ i } are also weakly uniformly bounded in L 2,p . Hence, a subsequence of {ρ i } converges in weak L 2,p to an L 2,p defining function ρ onM . The limit pair (ḡ, ρ) satisfies (1.18) (weakly) and hence g = ρ −2 ·ḡ is an Einstein metric on M . Weak solutions of the Einstein equations (0.1) are C ∞ smooth, and so g is a smooth complete Einstein metric on M .
Together with Theorem 2.1, it then follows that g i → g smoothly and uniformly on compact subsets of M . Hence g is an AHE metric on M , with L 2,p compactificationḡ. This completes the proof, modulo Lemma 3.2 below. Lemma 3.2. Letḡ = ρ 2 · g be a L 2,p compactification of (M, g) with boundary metric γ, and with A = 0 at ∂M. Then there are constants ν o and µ o > 0, depending only on the C o geometry of γ, such that on the doubled manifoldM ,
where ν is the µ o -volume radius, c.f. (1.5), of (M ,ĝ).
Proof: First note that there is a uniform upper bound on ρ, i.e. there exists R o < ∞, depending only on the C o geometry of γ, such that
for all x ∈ M. To see this, let ρ o = e −do , where d o is the distance function on (M, g) from a fixed base point x o ∈ M . As discussed following Lemma 2.2, the ratio ρ/ρ o is uniformly bounded, away from 0 and ∞ onM . Since, by definition, ρ o ≤ 1, (3.6) follows. Next, observe that, for any given δ > 0, (3.
with µ o = µ o (γ). Namely, the volume ratio in (1.5) is scale-invariant and within the ball B x (
, the oscillation ratio supρ/inf ρ of the function ρ is uniformly controlled, again by (1.32). Hence, within this ball, the metricḡ is quasi-isometric to a ball of radius on the order of 1 in (M, g), and hence (3.5) follows from the bound (2.7) again. The constant Next, let q be any point in ∂M and consider the metric s-ball B x (s) = {y ∈M : distḡ(y, q) ≤ s} in (M ,ḡ). Let D q (s) = B q (s) ∩ ∂M, so that D q (s) is the metric s-ball in (∂M, γ), since ∂M is totally geodesic. Observe that there are constants µ 1 > 0 and µ 2 < ∞, which depend only on the C o geometry of γ, such that
) be the domain in S(d) for which any minimizing geodesic (of length d), starting in D q (s, d) and realizing the distance to ∂M, ends at a point in D q (s) ⊂ ∂M ; such geodesics exist sinceḡ is L 2,p . We set C q (s) = ∪ d≤s D q (s, d); this may be viewed as a cylinder of height s over D q (s). The triangle inequality implies that
The following result, which will also be of importance later, estimates the volume of C q (s) from below.
Lemma 3.3. Letḡ be as in Lemma 3.2. For any 0 < s ≤ 1, 0 < d < 1 and any q ∈ ∂M = S(0), the function it is viewed as a subset of (M, g). Since r is a distance function, the volume comparison theorem as in Lemma 2.2 gives
is monotone non-increasing in r, for any fixed s. It is important to recall that (3.11) holds for all values of the parameter r, irregardless of the cutlocus of the distance function r, c.f. [23] . With respect to theḡ metric and d levels, (3.11) means that
is non-decreasing in d, c.f. the discussion following (1.24). Since 8d 3 · sinh 3 (logd −1 ) = (1 − d 2 ) 3 , the result follows.
It follows from (3.8)-(3.10) that one has a uniform lower bound on the volume ratio for s-balls B q (s), centered at any point q ∈ ∂M. When combined with (3.7), this gives a uniform lower bound on ν everywhere in (M ,ĝ). This completes the proof of Lemma 3.2, and hence Proposition 3.1.
As noted in §1, Einstein metrics satisfy an elliptic equation, and so one obtains higher order (C ∞ ) regularity of such metrics from a (local) L p bound on the curvature. The compactified metricsḡ are no longer Einstein, but being conformally Einstein they are Bach-flat, i.e. satisfy the Bach equation The equation (3.13) is conformally invariant, in dimension 4, and hence in particular is tracefree. We first use (3.13) to obtain higher order regularity from L 2,p regularity, given control at the boundary and control of the scalar curvature. Proposition 3.4. Suppose g is an AHE metric with L 2,p conformal compactificationḡ, p > 4, with boundary metric γ and suppose (3.1) holds, so that
(3.14)
Let k ≥ 0 and q > 2. If γ is in L k+2,q (∂M ) and the scalar curvatures ofḡ is in
The same result holds w.r.t. the Hölder C m,α spaces, with m in place of k. Ifs and γ are C ω , i.e. real-analytic, then so isḡ.
Further, if, w.r.t a fixed harmonic coordinate system for (M ,ḡ)
16)
where C 1 depends only on C, Λ, and the volume radius ν o .
Proof: The operator δd in (3.13) is not elliptic. However the operator δd + 2δ * δ is elliptic; in fact by the Weitzenbock formula, it differs from the rough Laplacian 2D * D, by a lower (0 th ) order term R which is quadratic in the curvature, c.f. [6] . Hence (3.13) can be rewritten as
where R 1 = R − W (Ric) is again quadratic in curvature. Here and in the following, all metric quantities are w.r.t.ḡ but we omit the bar from notation. The result now follows from general elliptic boundary regularity theory, but we present an essentially complete proof via suitable references. To begin, as noted in §1.3, we may choose local harmonic coordinates forM in which the components of g, (i.e.ḡ), are L 2,p . With respect to such coordinates, we have
where ω 1 is of lower order; ω 1 involves only quadratic expressions in g and ∂g. Similarly, the rough Laplacian D * D is also the function Laplacian to leading order, in that
where ω ′ 1 again involves only lower order terms; at most 1 st order derivatives of Ric and 2 nd order derivatives of g. (We refer to [4, p.234] for instance for the exact calculations). Hence, in local harmonic coordinates, the left side of (3.17) has the form of the bi-Laplacian of the metric, ∆∆(g ab ), to leading order. Further, in such coordinates, the Laplacian has the form g kl ∂ k ∂ l , and so involves the metric only to 0 th order.
Given these preliminaries, we first discuss the case where g, (i.e.ḡ) is in L 3,p , for some p > 4; following this, we deal with the lower regularity situation. The curvature R and Ricci curvature Ric are then in L 1,p ⊂ C α . By assumption, the scalar curvature is in L k,q and hence D 2 s ∈ L k−2,q . We assume, w.l.o.g., k ≥ 1 here. Now the Ricci curvature Ric = {Ric ab } is a L 1,p weak solution of the equation (3.13). By (3.17), and the remarks above, we thus have 20) where the right side of (3.20) denotes the sum of two terms, each in the respective spaces. Suppose first that k = 1. Sobolev embedding implies that L 1,p/2 ⊂ L −1,q and we consider the elliptic operator
It follows from standard elliptic boundary regularity for such Laplace-type elliptic systems, c.f. [22, Ch.6.4] , that Ric ∈ L 1,q provided the curvature Ric is L 1,q at the boundary, i.e. Ric| ∂M ∈ L 1,q (∂M ). However, by Lemma 1.8, the Ricci curvature at ∂M is determined by the intrinsic metric γ when the compactification is geodesic. Further, as noted following Lemma 1.8, one may use Lemma 1.7 to transform a L k,q compactification into a L k,q geodesic compactification, by a controlled conformal factor. Since γ ∈ L 3,q , we have Ric γ ∈ L 1,q . This shows that the ambient Ricci curvature Ric is in L 1,q . We may now repeat this argument again using (3.18). Thus, ∆g ab ∈ L 1,q and so elliptic regularity gives g ab ∈ L 3,q , since the boundary metric γ is L 3,q . This gives the result in case k = 1. If k = 2, then Sobolev embedding gives L 1,p/2 ⊂ L t , where t = 4p/(8 − p) > 4. Hence, by (3.17), D * DRic ∈ L r , where r = min(q, t). The same arguments as above then imply g ∈ L 4,r , and by Sobolev embedding, L 4,r ⊂ L 3,v , for any v < ∞. We may then choose v so that 4v/(8 − v) > q and so now D * DRic ∈ L q . Repeating the argument above again gives that g ∈ L 4,q , which gives the result. The same bootstrap procedure repeated inductively then gives the result for any k ≥ 2.
Next we discuss the situation of low order regularity where g is only in L 2,p to begin with. While it is possible to solve boundary value problems for Laplace-type operators with such low regularity, c.f. [20, Ch.2, §6], we prefer to argue as follows. First, by Lemma 1.7 as above, we may assume w.l.o.g. that at ∂M,
As in the proof of Proposition 3.1, we may then reflect the metric g isometrically through ∂M to obtain a L 2,p metricĝ, on a manifold without boundary. Observe that in fact, if g is in L k,q for k ≤ 3 and q < ∞, thenĝ ∈ L k,q also. However a C 3 metric g does not necessarily reflect through to a C 3 metricĝ. The metricĝ is a weak L Having eliminated the boundary in this low regularity situation, we now proceed essentially in the same way as above. Thus, dropping the hat from the notation, we have R and Ric in L p and by (3.19) where this argument is carried out in detail in almost the same context). Repeating the argument concerning (3.18) above then gives g ∈ L 2,q , as claimed. Next suppose k = 1, and 2 < q ≤ 4. We also have L p/2 ⊂ L −1,q and view the Laplacian ∆ : L 1,q → L −1,q . As before, elliptic regularity on (3.22) gives Ric ∈ L 1,q and so as before, g ∈ L 3,q . If k = 1 and q > 4, one may then repeat this argument using this improved regularity to obtain g ∈ L 3,q , for any such q < ∞. This then completes the proof in all cases. We note that this reflection argument cannot be used to obtain higher order regularity unless higher order analogues of (3.21) are given.
The estimate (3.16) follows by the same arguments, since the elliptic regularity results above are effective, i.e. the regularity statements are accompanied by estimates. The equation (3.17) has real-analytic coefficients in the metric g, and smooth solutions of such equations with real-analytic boundary values are real-analytic, c.f. [22, Ch.6.7] . This gives the statement on real-analyticity. Proposition 3.4 shows that the smoothness of the compactificationḡ is determined by that of its scalar curvatures, and that of the boundary metric γ on ∂M. Since (3.13) is trace-free, one cannot improve this result by eliminating the dependence on the scalar curvatures. An improvement can be obtained only by choice of a suitable representative of the conformal class, i.e. a suitable choice of gauge. From the formulas (1.18)-(1.19), a natural choice of gauge near ∂M is that given by a geodesic defining function. However it seems to be difficult to prove higher order regularity directly in this gauge. The Yamabe, i.e. constant scalar curvature, gauge appears to be much better in this respect. This leads to the following result.
Theorem 3.5. Let g be an AHE metric on M which admits a L 2,p conformal compactification g = ρ 2 · g. If, for a given m ≥ 2 and α ∈ (0, 1), the boundary metric γ =ḡ| ∂M is C m,α smooth, then there is another, (possibly equal), conformal compactification g of g, with g| ∂M = γ, such that g is C m,α smooth. If γ is real-analytic, then there is a real-analytic compactification g.
Further, the estimate (3.16) holds for g without any dependence on the scalar curvature s.
Proof:
The proof patterns that of Proposition 3.4 with regard to the low regularity and higher regularity situations. As before, we start with the higher regularity case. Thus suppose first that g is a C 2,α compactification. Let g be a Yamabe metric conformal toḡ on M , of the same volume as (M,ḡ) with g| ∂M = γ. Thus, for g = u 2 ·ḡ, the function u is a solution to the Dirichlet problem for the Yamabe equation
on M , with u ≡ 1 on ∂M, u 4 dVḡ = 1 and s = µ = const. When µ ≤ 0, standard methods in elliptic PDE give a solution to this Dirichlet problem, just as in the case of the Yamabe problem on compact manifolds, c.f. [19] . The point here is that equations of the form (3.23) satisfy a maximum principle when µ ≤ 0. This is not the situation in the positive case when µ > 0. However, when µ > 0, this problem is solved in [9] . We remark that although the work in [9] is w.r.t. the flat Laplacian on domains in R n , (i.e. R 4 in our case), the same proof holds w.r.t. the Laplacian of a C 2,α metric. Since µ is constant ands ∈ C α (M ), the conformal factor u ∈ C 2,α , and hence g ∈ C 2,α (M ). The metric g satisfies the equation (3.17) weakly, since it is conformally invariant andḡ does. Hence, since s is constant, Proposition 3.4 implies that g is as smooth as the boundary metric γ.
Next, suppose thatḡ ∈ L 2,p . Again as in the proof of Proposition 3.4, letĝ = φ 2 ·ḡ be defined as in Lemma 1.7, soÂ = 0 at ∂M, and letĝ also denote the isometrically reflected metric onto the doubleM = M ∪ ∂M M. The metricĝ ∈ L 2,p also. Now let g = u 2 ·ĝ be a Yamabe metric onM conformal toĝ, with the same volume asĝ. Again, g exists, by the solution to the Yamabe problem [19] . To justify this, choose a sequence of C ∞ metricsĝ i converging toĝ in the L 2,p topology. Let g i be C ∞ Yamabe metrics in the conformal class [ĝ i ]. Then the work in [16] implies that the conformal factors relating g i andĝ i are uniformly controlled in L 2,p and hence a subsequence of g i converges to a L 2,p Yamabe metric g in [ĝ] . As above, the proof of Proposition 3.4 then implies that g ∈ L 3,q , for any q < ∞.
Now at ∂M, we have γ = g| ∂M = (u o ) 2 γ, where u o = u| ∂M , so that the boundary metrics of g andḡ may not agree. However, both γ and γ are in C 2,α , and hence u 2 o ∈ C 2,α . We may then extend u 2 o to a C 2,α function onM and let g = u −2 o · g. This a C 2,α conformal compactification of g onM , with boundary metric γ.
The estimate (3.16) follows as in the proof of Proposition 3.4, since the scalar curvature s is apriori controlled. The real-analyticity follows for the same reasons as in Proposition 3.4. Theorem 3.5 gives the optimal regularity near ∂M of a conformal compactification in terms of the regularity of the intrinsic metric γ on ∂M, assuming there is a L 2,p conformal compactification of g, for some p > 4.
Remark 3.6. Theorem 3.5 does not hold in odd dimensions n ≥ 5. Namely by the result of [14] , there are C ∞ metrics γ on S n−1 which are boundary metrics of C n−2,α compactificationsḡ of AHE metrics g on the n-ball B n . However, for generic γ, such compactificationsḡ have a non-zero ρ n−1 logρ term in the asymptotic expansion ofḡ near ∂M, c.f. [13] for example. Hence, such metrics are not C n−1 smooth.
Refering to the discussion in §1.3, this gives the following Corollary, which will be important in §4.
Corollary 3.7. Let g be an AHE metric on M , which admits a L 2,p conformal compactification, for some p > 4, for which the boundary metric γ is in C m,α (∂M ), for some m ≥ 2.
Then there exists a C m,α geodesic conformal compactification (M ,ḡ) of (M, g) with the same boundary metric γ, i.e.ḡ
where ρ is a C m+1,α geodesic defining function w.r.t.ḡ andḡ| ∂M = γ. If γ is C ∞ or C ω on ∂M , then so isḡ near ∂M .
Proof: Let g be the C m,α compactification of g, given by Theorem 3.5. Such a compactification has a well-defined normal exponential map at ∂M and so a C m+1,α smooth geodesic defining function ρ in a collar neighborhood U of ∂M. Hence, there is a well-defined splitting (1.24) of U up to ∂M. Further, as discussed following (1.24), the metricḡ = ρ 2 · g is C m,α up to ∂M, has ρ as a geodesic defining function, and γ as boundary metric. The statements regarding C ∞ or C ω follow in the same way.
We recall from §1.3 that ifḡ is a L 2,p compactification, then the existence of a L 2,p geodesic compactification, (with the same boundary metric), is not guaranteed. However, Corollary 3.7 implies that ifḡ happens to be a L 2,p geodesic compactification, and the boundary metric γ of g is C m,α , for some m ≥ 2, thenḡ is necessarily a C m,α compactification. This follows from the uniqueness of geodesic compactifications, as discussed in §1. 3 .
Corollary 3.7 shows that with each C m,α boundary metric γ, m ≥ 2, there exists a unique C m,α geodesic compactificationḡ inducing γ on ∂M, provided g admits a L 2,p compactification, p > 4. We callḡ the C m,α geodesic compactification associated to γ.
The metricḡ is C m,α only off the cutlocusC of ∂M in (M , g) ; at the cutlocusC, the metric becomes singular. To remove such singularities, we smooth the metric by local convolution in the usual way. Thus, as in (3.24), let ρ(x) = dist g (x, ∂M ) and let r = logρ −1 , as in (1.20) . Then r(x) is a distance function on (M, g), and let C denote the cutlocus of r in (M, g) ; this equals the cutlocus C in (M , g) . Also, let T denote the tubular neighborhood of distance 1 about C in (M, g).
We may then smooth the function r, by convolution with a standard local mollifier supported in T , c.f. [12] , to a function r so that within T , r is C ∞ , outside T , r = r, and such that
everywhere on (M, g). Setting then ρ = e − r gives a well-defined global C m,α compactification of (M, g). The geodesic compactificationḡ will always be understood to be smoothed in this way near the cutlocus. The bound (3.25) is equivalent to
while ρ = ρ outside T . We note that for any x ∈ C, the width of (T, g) at
, for a fixed constant c < 1.
Observe that the covariant derivatives of r within T ′ = {x : dist g (x, C) ≤ 1 2 } ⊂ T depend only on the local geometry of (M, g) in T , while the covariant derivatives of ρ in T ′ depend only on the local geometry of (M, g) in T .
Remark 3.8. Let us reconnect briefly with the discussion in Proposition 3.1. Thus, let {g * i } be a sequence of L 2,p compactifications, p > 4, with C m,α boundary metrics γ i , m ≥ 2. Suppose (3.1) holds uniformly for {g * i } and that ||γ i || C m,α (∂M ) ≤ C. By Lemma 3.2, the volume radius ν o of g * i is uniformly bounded below. Hence Theorem 3.5 implies that the C m,α geometry of { g i } is uniformly controlled. In particular, since the curvature is uniformly bounded in L ∞ , it follows that the distance of the cutlocus of ∂M to ∂M w.r.t. g i is uniformly bounded below. Thus, the C m,α geometry of the geodesic compactificationsḡ i is also uniformly controlled.
In particular, since C m,α is precompact in the C m,α ′ topology, for any α ′ < α, both the boundary metrics γ i and the compactificationsḡ i have a subsequence converging in the C m,α ′ topology to C m,α limits γ andḡ. (This is the analogue of Theorem 1.2 in situations of higher regularity).
We conclude this section with the following estimate for the scalar curvatures ofḡ, for geodesic compactifications. This will also be important in §4.
Proposition 3.9. Letḡ be a C 2 geodesic compactification with boundary metric γ and scalar curvatures. Then in the collar neighborhood U of ∂M in which ρ is C 3 , we havē
In particular,s is uniformly bounded below in U by its boundary value on ∂M, and thus bounded below by the C 2 geometry of γ.
Proof: The computations below are w.r.t. theḡ metric, but we drop the bar from the notation. The flow lines of ∇ρ are geodesics, and hence a standard result in Riemannian geometry, (c.f. [23] for example) implies that the following Ricatti equation holds in U :
here A = D 2 ρ is the 2 nd fundamental form of the level sets S(ρ) of ρ, H = trA = ∆ρ and H ′ =< ∇H, ∇ρ > . By (1.18), we have Ric(∇ρ, ∇ρ) = −2ρ −1 (D 2 ρ)(∇ρ, ∇ρ) − ρ −1 ∆ρ, and since |∇ρ| ≡ 1, (D 2 ρ)(∇ρ, ∇ρ) = 0. Hence dividing (3.28) by ρ gives
But ρ −1 (∆ρ) ′ = (ρ −1 ∆ρ) ′ + ρ −2 ∆ρ, and so (3.29) becomes
The equation (3.27) then follows from (1.19). The last statement follows from Lemma 1.8.
The work above in §3 essentially reduces the proof of the Closedness theorem to obtaining an apriori L p bound on the curvature of a L 2,p conformal compactification, i.e. removing the hypothesis (3.1) from Proposition 3.1. This is carried out in the next section.
4. Boundary Behavior II: L p Estimate.
In this section, we prove that the curvature bound (3.1) follows from the hypotheses of the Closedness theorem and thus complete the proof of this result. We do this first in the case that
Later, we show that (4.1) is in fact not needed for the analysis of the boundary behavior. Thus, we begin with the following (main) result. The proof of the Closedness theorem follows after this.
Theorem 4.1. Let (M, g) be an AHE metric with a L 2,p conformal compactification, p > 4, and boundary metric γ. Suppose that (4.1) holds, and
Suppose further that the boundary metric γ ∈ C 2,α and that, in a fixed coordinate system for ∂M, ||γ|| C 2,α ≤ K. Ifḡ is the associated C 2,α geodesic compactification of g determined by γ, (and given by Corollary 3.7), then there is a constant
Proof: Overall, (4.3) is proved by contradiction and so we assume (4.3) is false, and show this leads to a contradiction. If (4.3) is false, then there must exist a sequence of AHE metrics g i on M , with C 2,α geodesic compactificationsḡ i , for which the boundary metrics γ i satisfy
but for which the L p norm of the curvature ofḡ i tends to infinity. The bound (4.4) implies that a subsequence of γ i converges in the C 2,α ′ topology, α ′ < α, to a limit C 2,α metric γ on ∂M.
We recall from Lemma 3.2 that the volume radius ofḡ i has a uniform lower bound, depending only on K. Hence, by Remark 1.3(i), the L p curvature ofḡ i diverges to ∞ only if the L p curvature radius ζ = (ζ p ) i w.r.t.ḡ i tends to 0 somewhere. Thus there must exist a sequence of points
Without any loss of generality, we choose the base points x i to be points realizing the minimum of the curvature radius ζ on (M ,ḡ i ), so that
for all y i ∈ (M ,ḡ i ). Thus, x i roughly corresponds to base points where the curvature ofḡ i is maximal. We also recall that the C 2,α geodesic compactifictionsḡ i are smoothed near the cutlocus of ∂M , as described preceding Remark 3.8.
For clarity, we separate the proof into two independent steps.
Step I. (Construction of a Blow-up Limit).
We blow-up the metricsḡ i at the base points x i , i.e. consider the rescaled metrics
where λ i = ζ(x i ) −1 → ∞. By construction, we then have from (4.6) and scaling properties of ζ that
where ζ ′ is the L p curvature radius w.r.t. g ′ i . This means that the metrics g ′ i have uniformly bounded curvature, locally and on the average, in L p .
As noted above, the metricsḡ i have a uniform lower bound ν o on their volume radius. The volume radius scales as a distance, and hence the metrics g ′ i also have a uniform lower bound on their volume radius; (in fact, the volume radius of g ′ i tends to ∞). Thus, the metrics g ′ i do not collapse anywhere.
Let
is the geodesic defining function forḡ i . Before proceeding further, we prove that x i remains a uniformly bounded g ′ i -distance away from ∂M . Lemma 4.2. Under the assumption (4.1), there is a constant R o < ∞, independent of i, such that
Proof: It suffices to prove 10) since (4.10) is scale-invariant, and by (4.8) gives (4.9) in the scale g ′ i . We will prove that there is a constant C < ∞ such that, for anyḡ i as in Theorem 4.1, we have 11) for all y ∈ M , ρ = ρ i . Observe that (4.11) is also scale-invariant, and implies (4.10). For by (1.18) and (1.19), (4.11) implies that ρ|D 2 ρ| ≤ C ′ = C ′ (C). Further, and this is the main point, (4.1) implies that the curvature R of (M, g i ) is uniformly bounded, independent of i, c.f. (2.12). Hence by (1.17), (4.11) implies that ρ 2 (y)|R|(y) ≤ C ′′ , which in turn gives (4.10). While this argument is correct, we need to be a little more explicit. Namely, ρ in (4.11) is the distance function from ∂M w.r.t.ḡ =ḡ i , while in (1.18)-(1.19), ρ refers to the defining function. These agree away from the cutlocus ofḡ, but near the cutlocus, ρ is a smoothing of the distance function. By (3.26), these functions differ by a uniformly bounded factor, and so the argument in the paragraph above also holds near the cutlocus.
We prove (4.11) by contradiction. If (4.11) is false, then there are points y i ∈ M such that, (for i sufficiently large),
Without loss of generality, we may assume that y i (almost) realizes the maximum of |Ric|. For convenience, we rescale the metrics so that |Ric|(y i ) = 1; thus set g
(This scaling is not necessarily the same as g ′ i ). Let ρ + = µ i ·ρ, where ρ = ρ i is the defining function forḡ i . Then (4.12) is equivalent to the statement that
so that ∂M is very far away from y i in this scale. In the following, we work exclusively in the g + i
scale, but remove + from the notation. By the same reasoning as above following (4.11), we have in this scale 14) and further |R| ≤ C o within g + i bounded distance to y i , for some constant C o . Thus, to obtain a contradiction to (4.13) it suffices to prove that is a uniform constant C 1 < ∞ such that
As above, we do this separately for y i near and away from the cutlocus, i.e. within and outside the tubular neighborhood T ′ ⊂ T from (3.25ff).
In the former case the function r = logρ −1 is smoothed by a local mollifier according to the local geometry of the metric g i . This metric has uniformly bounded local geometry by (2.12) and thus |D 2 r|(y i ) ≤ C ′ w.r.t. g i , for some fixed C ′ . Now this smoothing induces a smoothing of ρ, whose derivatives w.r.t. g i depend only on the local geometry of (T, g i ), c.f. (3.26ff). Thus the derivatives of the rescalings ρ + depend only on the local geometry of (M, g + ). Since this local geometry is uniformly bounded, we obtain (4.15) in this case.
Thus, we may suppose that near y i , ρ + is the geodesic defining function for g
We then have the following Ricatti equation along the geodesic flow lines of ρ + : Since the ρ + -geodesics extend a definite amount uniformly on each side of y i , it follows from elementary DE theory or comparison geometry, c.f. [23] , that (4.17) implies |A| ≤ C ′′ . This gives (4.15) , and hence completes the proof.
We now return to the pointed sequence {(M, g ′ i , x i )}. By Theorem 1.2 and Remark 1.6 a subsequence of {(M, g ′ i , x i )} converges, in the weak L 2,p ∩ C 1,α ′ topology, to a L 2,p limit manifold (N, g ′ , x), x = lim x i . Observe that (4.9) implies that the g ′ i -distance to ∂M remains uniformly bounded, so that the limit (N, g ′ ) is not complete. Now the boundary metrics γ i are uniformly controlled in C 2,α and so in particular have curvature uniformly controlled in C α . Hence by scaling, the C α norm of the curvature of γ ′ i converges to 0. This means that the boundary metrics γ ′ i converge in C 2,α ′ , α ′ < α, to a limit C 2,α metric γ ′ o on ∂N, and the limit γ ′ o is flat. It then follows from the uniform C o control on {γ i } that ∂N = R 3 . Further, since ρ i is a geodesic defining function, as in (1.26) we have A ≡ 0 at ∂M for eachḡ i , i.e. the boundary is totally geodesic. This property is of course preseved under blow-ups and since the convergence to the limit is in C 1,α ′ , it follows that ∂N is also totally geodesic in N . Hence, the isometrically doubled manifoldN = N ∪ ∂N N is complete and non-compact. We let
We claim that the limit (N, g ′ ) cannot be flat. This essentially follows from Remark 3.8. Namely the boundary metrics γ ′ i converge in C 2,α ′ to the limit flat metric γ ′ o on ∂N = R 3 . The arguments in Remark 3.8 then imply that the metrics g ′ i converge in C 2,α ′ to the limit g ′ . But by (1.9) the L p curvature radius ζ is continuous under such strong convergence, and so from (4.6), 19) for x = lim x i and any y ∈ N. Hence the limit metric g ′ is not flat.
In
Step II, we show however that (N, g ′ ) must be flat, giving the contradiction.
Step II. ((N, g ′ ) is flat).
We first derive some of the basic properties of the limit (N, g ′ , x). First, since eachḡ i is Bach-flat, i.e. satisfies (3.13), so does g ′ .
Since the metric on R 3 = ∂N is C ∞ smooth, and (N, g ′ ) is Bach-flat, it follows from Corollary 3.7, (or, to be precise, from its proof), that g ′ is a C ∞ metric on N , which extends C ∞ up to ∂N. The estimate (4.19) thus also implies that the curvature R ′ of g ′ is uniformly bounded in L ∞ . By scaling, the equations (1.17)-(1.19) for the curvatures R ′ , Ric ′ and s ′ also hold on (N, g ′ ), with ρ ′ in place of ρ. We note again the Hessian D 2 ρ ′ = A, where A is the 2 nd fundamental form of the level sets of ρ ′ , and ∆ρ ′ = H, the mean curvature of the level sets, off the cutlocus of ρ ′ .
Further, since the bound (4.2) is scale-invariant, the L 2 norm of the Weyl tensor on (N, g ′ ) is finite; this fact will not be used here however.
The following elementary result plays a crucial role in the proof. Proof: This essentially follows from Lemma 3.3. Namely, (4.20) is equivalent to the statement that the gradient flow of ρ ′ is volume non-decreasing. Lemma 3.3 implies that, for theḡ i metrics,
is monotone non-decreasing in ρ, for any fixed s, center point q ∈ ∂M , and 0 < ρ < 1. To translate this statement to the blow-ups g ′ i , let λ i be as in (4.7), and let ρ = λ 
is monotone non-decreasing in d ′ , for any fixed s ′ and i. Since λ ′ i → 0 as i → ∞, it follows that on the limit (N, g ′ ),
(
is monotone non-decreasing in d ′ , s ′ fixed. This gives the result.
We are now in position to complete the proof of Theorem 4.1. First observe from (1.19) that, on the limit (N, g ′ ), we have 22) where the inequality follows from (4.20) . The equality in (4.22) holds off the cutlocus of ρ ′ in (N, g ′ ), and so in particular in a collar neighborhood of ∂N. On the other hand, the scalar curvature s ′ o of the boundary metric γ ′ o on ∂N = R 3 vanishes since γ ′ o is flat. By (1.27), it follows that the ambient scalar curvature s ′ of g ′ also vanishes at ∂N. By Proposition 3.9, we thus see that 
where A is the 2 nd fundamental form of the levels of ρ. On the other hand, as noted above, the formula (1.18) for the Ricci curvature holds, so that on (U, g ′ ),
Clearly D 2 ρ(∇ρ, ∇ρ) ≡ 0 in U , and so (4.26) and (4.27) imply |A| 2 = 0, i.e. all the level sets are totally geodesic. Since A = D 2 ρ, (4.27) implies that Ric ≡ 0, so that (U, g ′ ) is Ricci-flat. The vector field ∇ρ is further a parallel vector field, and so (U, g ′ ) splits as a product along the flow lines of ∇ρ. It follows that (U, g ′ ) is flat, which implies that all of (N, g ′ ) is flat. This contradiction then completes the proof of Theorem 4.1.
We now assemble the results above to prove the Closedness theorem.
Proof of Closedness Theorem. Let {g i } be a sequence of AHE metrics on M , admitting L 2,p compactifications with boundary metrics γ i . We suppose (0.3) and (0.4) hold, that the boundary metrics γ i are in C m,α , and γ i → γ in C m,α ′ , for some m ≥ 2 and 0 < α ′ ≤ α.
By Corollary 3.7, we may then choose C m,α geodesic compactificationsḡ i of g i , with the same boundary metrics γ i . Theorem 4.1 implies that the curvature ofḡ i is uniformly bounded in L p onM . Hence, Proposition 3.1 shows that a subsequence of {ḡ i } converges, modulo diffeomorphisms ofM , in the C 1,α ′ topology to a limit L 2,p ∩ C 1,α metricḡ onM , with boundary metric γ. Since γ ∈ C m,α , Corollary 3.7 again gives thatḡ is C m,α onM and Remark 3.8 shows that the convergence ofḡ i tō g is in the C m,α ′ topology. Now Proposition 3.1 also implies, via Theorem 2.1, that a subsequence of {g i } converges, smoothly on compact subsets of M , to a limit AHE metric g on M . The metricḡ above is a C m,α geodesic conformal compactification of g, with boundary metric γ. This proves the main result.
The statements regarding C ∞ or C ω compactification also follow from Corollary 3.7.
It is worthwhile to generalize this result to allow for the formation of orbifold singularities, i.e. understand the situation when the topological assumption (0.3) is dropped. While, as noted in §1.2, orbifold singularities may form in the interior of M , we show next that they cannot form too near ∂M, i.e. in effect none of the results in §3 or §4 require (0.3) near ∂M.
The following is the analogue of Theorem 4.1, without the assumption (0.3).
Proposition 4.4. Let (M, g) be an AHE metric with a L 2,p conformal compactification, and satisfying
Suppose that the boundary metric γ ∈ C 2,α and that, in a fixed coordinate system near ∂M, ||γ|| C 2,α ≤ K. Ifḡ is the associated C 2,α geodesic compactification of g, then there is a collar neighborhood
The constants Λ and δ o depend only on K and Λ o .
Proof: The proof runs along the same lines as that of Theorem 4.1. Thus, if (4.29) is false, then there exist AHE metrics g i with C 2,α geodesic compactificationsḡ i , and points x i ∈ U i such that
where U i is the δ i -tubular neighborhood of ∂M w.r.t.ḡ i , and δ i → 0 as i → ∞. Choose any fixed ǫ > 0 and let t i (x) = distḡ i (x, ∂B x i (ǫ)). We may then choose points y i realizing the minimal value of the scale-invariant ratio ζ/t i within B x i (ǫ). We may do this argument for ǫ = ǫ j → 0, and via a diagonal subsequence obtain base points y i as above, with
All the considerations of the proof of Theorem 4.1 then hold, with y i in place of x i , up to the statement (4.9). In fact, (4.9) is the only place in the proof of Theorem 4.1 where the hypothesis (4.1) is used; it is used in obtaining the uniform bound on |R| following (4.11). Thus, if (4.9) does hold for any such choice of {y i }, then the result follows as before.
Thus suppose instead
so that the limit (N, g ′ , y) of (a subsequence of) (M, g ′ i , y i ) is complete, without boundary; here, as before,
This follows from the proof of (4.11), working in the L p norm in place of L ∞ . An alternate, but similar, argument is as follows. The Ricci curvature of g ′ i is given by (1.18) . Now the geodesic defining function in the scale g ′ i , i.e. ρ ′ i = λ i · ρ i satisfies (4.31), and hence the ratio supρ (N, g ′ , y) . By Theorem 1.5, the convergence is in the C ∞ topology and hence, since ζ ′ (y i ) = 1, the limit (N, g ′ , y) is not flat.
Now by [A1, §5], a Ricci-flat 4-manifold satisfying the bound (4.28), and of r 4 volume growth, is necessarily ALE, i.e. asymptotic to a Euclidean cone C(S 3 /Γ), c.f. §1.2 and the proof of Theorem 2.1 preceding (2.8). Thus with each sequence {y i } satisfying (4.30)-(4.31), we have associated a complete, non-flat, Ricci-flat ALE space (N, g ′ , y).
We return now for a moment to the AHE metrics g i on M . As discussed in Remark 1.6(ii), the curvature of g i is uniformly bounded outside a bounded number of δ-balls B(δ); the number of such balls depends only on the bound (4.28). Within such balls, the metrics g i converge in the Gromov-Hausdorff topology to an Einstein orbifold metric, with cone singularity C(S 3 /Γ). The curvature of g i diverges to ∞ in L ∞ , (or L p , p > 2), within such balls, and when suitably rescaled to g # i as above, the metrics g # i (sub)-converge to the Ricci-flat ALE space (N, g ′ ). Thus, we see that the base points y i in M are converging, in the pointed Gromov-Hausdorff topology, to orbifold singularities, and there is a uniform bound on the number of such singularities. These arguments imply that there is a bounded number of sequences {y i } with distinct limits satisfying (4.30)-(4.31).
Returning now back to the compactificationsḡ i , choose those base points {y i } such that distḡ i (y i , ∂M ) is the smallest, among the finitely many possibilities above. We then rescale the metricsḡ i so that the distance of y i to ∂M is 1, i.e. set
Note that since y i ∈ U δ i +ǫ i , distḡ i (y i , ∂M ) → 0, and so the metrics g − i are blow-ups ofḡ i . Comparing with (4.31), the curvature of g − i is thus blowing up at y i , and possibly at a bounded number of other points, further away from ∂M. In neighborhoods of all such points however, the metrics g − i approach an orbifold singular metric, with isolated cone singularities. Away from such points, the curvature remains uniformly bounded locally in L p , by Theorem 4.1, (applied locally), for instance.
Hence, exactly as in the proof of Theorem 4.1, we may pass to a Gromov-Hausdorff limit (N − , g − , y o ), y o = lim y i , which is an orbifold with isolated cone singularities. The convergence is in the L 2,p ∩ C 1,α topology away from the singular points. In fact, since the boundary metrics γ i are controlled in C 2,α , Proposition 3.4 shows that the convergence in the C 2,α topology. The boundary ∂N − is R 3 , with limit metric γ ′ o the flat metric on R 3 ; ∂N − is totally geodesic in N − . Note that we can no longer assert that the limit (N − , g − ) is non-flat, as was the case above for the ALE limits (N, g ′ ).
In fact all of the proof in Step II of Theorem 4.1 carries over now without any change and implies that the limit orbifold (N − , g − ) is flat. Thus, (N − , g − ) is a flat orbifold, with smooth totally geodesic and flat boundary R 3 , but with at least one isolated cone singularity C(S 3 /Γ) at y o , at unit distance away from ∂N. This however is impossible. A flat manifold with only isolated cone singularities of the form C(S 3 /Γ) can have at most one such singularity, c.f. [A2, Thm. 3.2] . (This can be easily seen for instance by examining the volume growth of geodesic balls in flat orbifolds). Thus, the doubleN of N − across ∂N − must be the complete cone C(S 3 /Γ), for some Γ = {e}, with vertex at y o . But such a cone does not have a totally geodesic flat R 3 embedded in it unless Γ = {e}. This contradiction proves that (4.31) cannot hold, (within U δ i , δ i → 0), and hence proves the result.
This gives rise to the following generalization of the Closedness theorem. If γ i are C m,α metrics, m ≥ 2, and γ i converges in the C m,α ′ topology, 0 < α ′ ≤ α, to a limit C m,α metric γ ∈ M m,α (∂M ), then a subsequence of {g i } converges, modulo diffeomorphisms ofM , to either a smooth AHE metric g on M with boundary metric γ, or to an AH orbifold singular Einstein metric g on M , with boundary metric γ. Further, the metrics g i , and the limit metric g, are C m,α conformally compact. If {γ i } and the convergence γ i → γ are C ∞ or C ω , then so are the compactifications near ∂M.
The proof follows by just combining the results above. Thus Proposition 4.4 and Corollary 3.7 imply that there is a collar neighborhood U of ∂M and C m,α compactificationsḡ i of g i , such that the curvature ofḡ i remains uniformly bounded in L p (U ). Remark 3.8 then implies that the C m,α geometry of {ḡ i } remains uniformly bounded in U . In particular, theḡ i -distance of ∂U to ∂M is uniformly bounded below. On the other hand, within a small thickening of the compact region M \ U , Theorem 2.1 implies that a subsequence of the metrics g i either converges smoothly to a limit Einstein metric g, or converges to an orbifold singular Einstein metric g, smoothly away from the singular variety. All orbifold singularities are contained in M \ U . The defining functions ρ i ofḡ i may then be extended with controlled smoothness into M \ U . The rest of the result follows as in the Closedness theorem.
In fact the same methods prove the closedness of the space of orbifold singular AH Einstein metrics on M satisfying (4.35), i.e. the Einstein metrics g i in Theorem 4.5 may be allowed themselves to be orbifold-singular; c.f. [A2, Thm.3.2] for the analogous result for compact 4-manifolds, without boundary.
